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Abstract. Ab initio density functional theory calculations for ethanal and muonium, using the
projector augmented-wave technique, are described. The potential binding sites for the muonium
are evaluated from total-energy-minimization calculations. At these preferred sites the associated
(bond-stretching) vibrational frequencies, Einstein coefficients and isotropic hyperfine coupling
constants are then calculated. It is found that the hyperfine parameter at each site depends on
the vibrational state, and so muon vibrational spectroscopy of ethanal is predicted to be possible.
The effect of a rigid-muonium-bond rotation is also considered. It is found that this can change
the sign of the predicted hyperfine coupling constant at certain sites, which is necessary to get
reasonable agreement with experimental values. The temperature dependence of the hyperfine
coupling constant was calculated from a Boltzmann population of rotational states. This was
found to be insufficient to explain the experimentally observed temperature dependence. This is
probably due to the neglect of coupling between vibrational and rotational modes. Therefore this
common interpretation of the experimental temperature dependence of the hyperfine coupling
constant must be reconsidered.

1. Introduction

1.1. Background

A new application of the muon spin rotation (µSR) technique has recently been proposed
[1], in which the basics of a new technique, that of muon vibrational spectroscopy, were
outlined. The essence of the technique is to illuminate a sample in aµSR experiment with
light at an appropriate frequency to cause vibrational excitation of the atomic muonium
bond, and detect the existence of this excitation from the change in the hyperfine coupling
constant measured from theµSR spectrum. To our knowledge, the proposed experimental
technique has never been tested, and so there was a need for a ‘proof of principle’ study
of this proposal. This we reported in a recent paper [2], on the basis of a set ofab initio
calculations of benzene. Benzene was chosen as it was computationally simple and the
benzene ring is a structural motif that occurs widely in the organic compounds that would
be most widely studied by this technique.

There is considerable interest in performing such experiments, with benzophenone
(C6H6COC6H6 as in figure 1(a)) being a promising initial candidate material, as it can
be grown in well-characterized crystals. The use of a crystalline material would simplify
the experiment by eliminating solvent effects. Benzophenone can be considered as two
benzene rings, joined by a carbonyl group. As we have already reported the results of

† Current address: Department of Physics, Cavendish Laboratory, University of Cambridge, Madingley Road,
Cambridge CB3 0HE, UK.

0953-8984/97/153241+17$19.50c© 1997 IOP Publishing Ltd 3241



3242 M I J Probert and A J Fisher

Figure 1. Chemical structure of (a) benzophenone and (b) ethanal.

a study of benzene, we shall in this paper consider the properties of the carbonyl group.
Instead of considering the benzophenone molecule, we shall study the computationally
simpler molecule of ethanal (CH3CHO; figure 1(b)). Ethanal shares the same carbonyl
group as the more complex benzophenone, and the bonding sites of muonium in ethanal and
benzophenone are expected to be very similar. PreviousµSR experiments on benzophenone
have suggested that the muonium only bonds to the carbonyl site [3]. Ethanal is also a useful
test molecule, as there have already beenµSR studies of ethanal [4, 5] against which we
can compare our predictions. Unfortunately, ethanal is a liquid at normal temperatures and
pressures and is therefore subject to solvent effects. In this study, we ignore such effects by
considering only a single molecule in isolation at zero temperature. Thermal effects will be
included, where appropriate, by a Boltzmann population of excited vibrational or rotational
states.

1.2. Motivation

One of the principal motivations for theµSR technique is that the implanted positive muon
often forms muonium (µ+e−) which can be used as a hydrogen substitute, forming bonds,
defect centres, etc, and as such has found many uses as a probe of condensed matter [6].
The proposed muon vibrational spectroscopy would extend the range of phenomena that
could be investigated. However, the technique is quite experimentally intricate, and as
such would benefit considerably from some reliable predictions to guide the experimental
design and operation. In particular, there is a need to know the vibrational frequencies to
be excited, the lifetime of the excited states, and the corresponding change in the hyperfine
coupling constants. We have decided to concentrate on the bond-stretching modes, as simple
predictions based on the ratio of the mass of muonium and hydrogen suggests that the bond-
stretching modes are expected to be ideally local, with no other modes nearby in frequency.
Bond-bending modes will be considerably lower in frequency and are therefore likely to
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couple to other phonon modes.
The detection of molecular vibrations in conventional molecules is a standard way to

determine molecular structures and properties. It is widely used in organic chemistry to
identify the structural groups present, and their bond strengths and lengths. The following
question then arises: if muonium can behave as a hydrogen atom and form chemical bonds,
how can its vibrational states be detected? An obvious problem is that in a typicalµSR
experiment there is only a very low density of muons in the sample at any one time—
typically 103—compared to∼1023 molecules. Therefore the proportion of muonated bonds
to normal bonds will be vanishingly small and extremely difficult to detect by conventional
absorption techniques. However, if some signature could be found that depended only on
the muons or their decay products, then such an experiment might be possible. It was
proposed [1] that such a signature would be the change in the hyperfine coupling constant.
In a recent paper [2] we therefore simulated aµSR experiment of benzene and predicted
the change in hyperfine coupling constant upon vibrational excitation. This we predicted
should be experimentally verifiable as the vibrational state was found to be metastable, with
a lifetime comparable to that of the muon.

The implanted muons in aµSR experiment form muonium by acquiring an electron
once they have lost sufficient energy. This hydrogen-like atom has much greater zero-
point motion than hydrogen, owing to the much lighter mass of the muon (∼1/9 proton
mass). The electronic states of muonium are hydrogen-like, with a 1s ground state that
is split by the hyperfine (magnetic) interaction of the electron spinS and muon spinI.
This splitting is proportional to the electron spin density at the muon, and gives rise to
the isotropic hyperfine coupling constant,Aµ ∼ |9(0)|2, which is usually expressed as a
frequency. Vacuum-state muonium hasAµ ∼ 4.5 GHz which is greater than that for a
hydrogen atom by the approximate ratio of the magnetic moment of the muon to that of
the proton, confirming the description of muonium as a pseudo-isotope of hydrogen. The
hyperfine coupling constant is however sensitive to the local environment, and is often lower
for muonium in a host material than in a vacuum, corresponding to some delocalization of
the electronic wavefunction onto the neighbouring atoms. It can be measured in a zero-field
µSR experiment as the muon-spin-precession frequency, or by the repolarization technique
[7, 8] in a longitudinal field.

In this paper we simulate aµSR experiment on ethanal as a guide to the real experiments
on benzophenone. The behaviour of muonium in ethanal is more complex than in benzene,
as there are now multiple possible binding sites, and the carbonyl group is more chemically
reactive than the benzene ring. In section 2 we briefly outline the essential theory underlying
the simulations, being both standard density functional theory and the less-well-known
projector augmented-wave method. In section 3 we give some details of the actual
methodology used, with the results and accompanying discussion following in section
4. This is broken down into the calculation of equilibrium properties, then vibrational
excitations, and finally rotational excitations. Final conclusions are summarized in section 5.

2. Theoretical background

2.1. Density functional theory

The calculations were performed using anab initio technique based on density functional
theory (DFT) [9, 10], within the local spin-density (LSD) approximation. We used the
recently developed projector augmented-wave (PAW) method [11] rather than a conventional
pseudo-potential method as it is an all-electron method, having several key features
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necessary for these calculations. Firstly, being an all-electron method it is capable of
handling the light first-row elements necessary for organic compounds, where conventional
pseudo-potentials have difficulty (particularly with oxygen). Secondly, as it works with
the full valence electron wavefunction, it can be used to calculate such quantities as the
net electronic spin density at the nucleus, which is necessary for calculating the hyperfine
coupling constant. Finally, the method can be used for both energy minimization and also
molecular dynamics using the Car–Parrinello [12] algorithm.

The basic theorems of density functional theory are that the ground-state energy of a
system is a functional of the ground-state electron density, and that this energy can be
found by minimizing the appropriate functional. In this way, it is possible to work with
the electron density rather than the full many-body wavefunction, which is a great saving
in computational complexity. The electron densityρ(r) can be expressed as a sum over
single-electron wavefunctions,ρ(r) =∑µ |χµ|2, which are not themselves directly related
to the many-body wavefunction. These single-electron wavefunctions are often expanded
in a basis of plane waves, and are found by solving the Kohn–Sham equations [10] in
a self-consistent manner. Most implementations of DFT replace the ionic potential with
a pseudo-potential, in which the details of electronic structure are smoothed out within a
certain core radius. This has the advantage of computational efficiency if the only quantities
of interest are those that depend on the electron density at a reasonable distance from the
atomic core. However, this approach has great difficulty with first-row elements, where the
2p orbitals are very compact and therefore require a large number of plane waves for the
expansion to converge.

2.2. The projector augmented-wave method

The PAW method is an ‘all-electron’ method, and as such goes beyond the pseudo-potential
method, although both the ‘ultra-soft’ pseudo-potential method of Vanderbilt [13] and the
‘linear augmented-plane-wave’ (LAPW) method [14] can be derived from it in appropriate
limits. In the PAW method, the all-electron wavefunction|ψAE〉 for a given site is given
by a smooth pseudo-wavefunction plus a one-centre correction:

|ψAE〉 = |ψ̃〉 +
∑
i

(|φi〉 − |φ̃i〉)〈p̃i |ψ̃〉 (1)

where the one-centre correction is the difference between two localized ‘partial waves’, and
|p̃i〉 is a ‘projector function’. The pseudo-partial wave,

∑
i ci |φ̃i〉, only exists within some

augmentation sphere, of radius�R centred on each atom, and is equal to the pseudo-
wavefunction within this radius. The all-electron partial wave,

∑
i ci |φi〉, again only

exists within a radius�R centred on each atom, and is equal to the full single-electron
wavefunction within this radius. The pseudo-wavefunction|ψ̃〉 is smooth and exists over
all space. The coefficientsci are obtained by the use of the projector functions within
the augmentation sphere. There may be more than one such projector function per angular
momentum state, and these functions are constructed to be orthonormal to the corresponding
pseudo-partial waves. The pseudo-wavefunction is expressed in terms of plane waves,
whereas both the pseudo- and all-electron partial waves are expressed as products of radial
functions and spherical harmonics on a radial grid, centred on each atom. Full details of
the calculation of these projectors can be found in the original paper [11]. The net result is
a generalized separable form of the ionic potential, which can be either norm conserving or
non-norm conserving as required. This potential can then be used for Car–Parrinello-like
dynamics or energy minimization.
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(a)

(b)

(c)

Figure 2. Equilibrium structure of ethanal with a muonium atom bonded in the three stable
positions: (a) bonded to the oxygen atom in thetrans-conformer, (b) bonded to the oxygen atom
in the cis-conformer, (c) bonded to the carbon atom.
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All other quantities of interest are expressed in a similar fashion. In particular, the
all-electron charge density is given by

ρ(r) = ρ̃(r)+ ρ1(r)− ρ̃1(r) (2)

whereρ̃(r), ρ1(r), ρ̃1(r) are the charge densities associated with the pseudo-wavefunctions,
all-electron partial waves, and pseudo-partial waves respectively, and each contains the
contribution of their respective core states. Similar expressions for the spin density can
be derived, and in particular, as this is an all-electron method, the electron spin at the
ionic nucleus can be found, which is an essential parameter for the calculation of hyperfine
coupling constants.

3. Method

3.1. Calculation of equilibrium structures, vibrations and rotations

We used the PAW method with damped dynamics to perform total energy minimizations, in
order to evaluate the most likely candidate binding sites of the muon and calculate which of
the possible structures are energetically stable. We then performed a direct simulation of the
muonium vibrations using undamped dynamics, with all of the atoms free to move and the
muonium displaced by a small amount (0.1 au) from its equilibrium position. In this way
we were able to calculate vibrational frequencies directly in the classical approximation.
From this we found that the amplitude of the zero-point vibration is large, which was
expected because of the very low mass of the muonium atom. Within the PAW technique
we treat the muonium as a light pseudo-isotope of hydrogen. The motion of the muonium
ion is therefore treated with classical mechanics using forces derived from the PAW energy
functional, and does not fully capture all of the features of the quantum zero-point motion.

We then calculated the expectation values of the hyperfine coupling constant for the
different binding sites, for both the ground state and first vibrationally excited states, by a
sequence of energy-minimization calculations along the bond-stretch direction. The energy
surface is anharmonic over these larger displacements from equilibrium, and so perturbation
theory was used to calculate appropriate vibrational wavefunctions and expectation values.
We then repeated this procedure for a 2π -rotation of the muonium bond about the carbon–
oxygen axis, calculating the rotational energy levels and expectation values for the hyperfine
coupling constant.

3.2. Technical details of the calculations

Calculations were performed with the spin-polarized PAW method on a single molecule
of ethanal plus a muonium atom in a box of size (10 au)3 at zero temperature. A plane-
wave basis set was used for the wavefunctions, with a 30 Ryd cut-off in order to get a good
description of the oxygen atom. A single projector was used for the hydrogen and muonium
atoms, whilst two projectors were used for each carbon atom, with norm conservation. For
the oxygen atom it was found that a four-projector non-norm-conserving potential was
required, in order to get a well-converged result within the 30 Ryd plane-wave cut-off.
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4. Results and discussion

4.1. Equilibrium structures

Various possible bonding positions for the muon were considered, and the total energy of the
system was minimized as each of these structures was relaxed. Three of these sites proved
to be stable and form the basis of the results presented herein. Two of these configurations
correspond to the muonium bonding to the oxygen atom, intrans- and cis-positions. The
other corresponds to the muonium bonding to the unsaturated carbon atom, as seen in figures
2(a)–2(c). Other possible sites, such as binding to any of the hydrogen atoms or the methyl
group carbon atom, proved to be unstable.

Table 1. Results from static energy-minimization calculations. Typical sampling errors in each
quantity are given in the first row of the table.

Site Binding energy (eV) Bond length (au) Bond length (Å)

trans-oxygen 4.85± 0.02 1.859± 0.004 0.984± 0.002
cis-oxygen 4.93 1.890 1.000
Carbon 4.58 2.210 1.169

The binding energies were calculated by comparing the total energy of the muonium-
bonded system with the sum of the energy of an ethanal molecule and that of an isolated
muonium atom in a box of the same size and with the same basis sets. This showed that
the most stable configuration was that with the muonium bonded to the oxygen atom in
the cis-position, followed by the oxygentrans-conformer, and finally the bonding to the
carbon atom. The results for these calculations are summarized in table 1. It should be
noted that there is a large structural difference between the configurations with muonium
bonded to oxygen and to carbon. In the oxygen configurations, the unsaturated carbon atom
is in an sp2 planar configuration, as in the original ethanal molecule, but when the muonium
bonds to the carbon atom, this changes to an sp3 tetrahedral configuration. The size of the
binding energy in each case is in general agreement with that predicted from the energy of
bond formation of O–H (4.8 eV in H2O) and C–H (4.5 eV in CH4) as in standard chemical
tables [15], with the oxygen bond being the stronger as expected. It should be noted that
previousab initio simulations [5] based on the Hartree–Fock approach only considered the
oxygen binding sites, and found that the two conformers were very similar in energy, with
the trans-conformer being 0.002 eV more stable.

4.2. Dynamical calculation of bond-stretching vibrations

For each stable configuration, the muonium bond-stretching vibrational frequency was
calculated by displacing the muonium atom from its equilibrium position by 0.1 au in
the bond direction (to prevent any bond-bending modes being started), and then simulating
the undamped dynamics of the system for about 50 fs. Care was taken in the choice
of simulation time step (0.5 au) and fictitious electron wavefunction mass (2.5 au) to
ensure adiabaticity of the Car–Parrinello dynamics [16] and prevent any energy transfer
between atomic and electronic modes. This was necessary as the vibrational frequency
would otherwise overlap the lower electronic modes. The mass preconditioning scheme [17]
was used to compress the electronic modes and therefore increase the maximum time step.
It was found that the bond-stretching motion of the muonium, for each configuration, occurs
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in a frequency window (near infra-red), being considerably above any other atomic modes,
and, with an appropriate choice of the fictitious mass of the electron wavefunctions, can
be considerably below any electronic frequencies. This means that it should be possible to
excite the mode in isolation. It should be noted that although the probability of populating
a vibrational state by thermal excitation is negligible, there is the possibility that these
states may be populated by the trapping of a muonium atom before it has reached thermal
equilibrium. It is possible therefore that the effects discussed herein may already have been
seen in previous conventionalµSR experiments, but interpreted instead as a distribution of
muonium bonding sites.

Table 2. Results from small-amplitude vibrational dynamics. Typical sampling errors in each
quantity are given in the first row of the table.

Frequency Frequency EinsteinA Spontaneous EinsteinB Laser PSD∗
Site (THz) (cm−1) (104 s−1) lifetime (µs) (1018 J−1 m3 s−1) (W GHz−1)

trans-oxygen 299± 5 9250± 180 35± 3 2.82± 0.06 19.2± 1.1 0.062± 0.06
cis-oxygen 288 8620 8.1 12.3 5.5 0.022
Carbon 206 6190 7.8 12.7 14.5 0.018

∗This is the estimated power spectral density incident on a 1 cm2 sample required to cause a 10% population of
the first excited state.

The accuracy of these vibrational frequencies was checked by performing an identical
dynamical calculation for the O–H bond stretch in ethanol and comparing to the established
experimental value. This showed that LSD approximation was underestimating these
frequencies by about 10% which can therefore be used as a guide to the systematic errors
in the calculations. The results for these calculations are shown in table 2.

4.3. Optical properties of the bond-stretching vibrations

The EinsteinA- andB-coefficients for optical excitation of the vibrational state were then
calculated to see whether optical excitation will be experimentally feasible. The method
used here was to calculate the electric dipole moment of the system, and its gradient tensor,
from the electronic charge density for a series of small displacements in the muonium
position about equilibrium. This was then used with the SHO assumption for the transition
matrix elements to calculate values for the EinsteinA- andB-coefficients. These results are
included in table 2. As the vibration occurs in a frequency window, it seems quite reasonable
to neglect non-radiative decay modes. Hence it can be seen from the EinsteinA-coefficients
that the vibrational states are reasonably metastable and will live for a significant fraction of
the muon lifetime(τµ ∼ 2.2 µs). This is another essential feature for the feasibility of the
proposed experiment. The lifetime of the vibrationally excitedtrans-state is considerably
shorter than that of thecis-state, because of the increased electric dipole moment caused by
the muonium atom at a larger distance from the centre of charge for the rest of the molecule.

The EinsteinB-coefficient can be used to give a guide to the amount of laser power
required to excite the transition. If we assume a typical sample area of 1 cm2 we can predict
the required input power spectral density to achieve a 10% excitation at the appropriate
frequency. This power density is also included in table 2. For a simple demonstration that
the experiment works, the sample could be illuminated by a broad-band source, e.g., a Xe
flashlamp, but for more quantitative studies the sample could be illuminated by a suitable
IR laser, e.g., Ti:sapphire pumped with an Ar-ion or Cu-vapour source.
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Figure 3. The total energy surface as a function of the muonium bond stretch about the
equilibrium geometry for (a) thetrans-oxygen site, (b) thecis-oxygen site, and (c) the carbon
site. The squares correspond to measured energies from the simulation and the solid line is a
fit to the data. The labelled dotted lines are the ground-state (E0) and first-excited-state (E1)
vibrational energies obtained from the fit.

4.4. Static calculation of vibrational expectation values

The calculated (small-amplitude) vibrational frequencies were then used to make an estimate
of the width of the muonium wavefunction within the SHO approximation. This ‘width’
was∼1 au, which meant that the muonium wavefunction extended considerably beyond the
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Table 3. Results from large-amplitude bond stretching. Typical sampling errors in each quantity
are given in the first row of the table.

Aµ (MHz) Aµ (MHz) Aµ (MHz)
Site g (anharmonicity) Equilibrium position Ground state First excited state

trans-oxygen−0.07745 −23.1± 0.4 −25.1± 0.4 + 44.9± 0.8
cis-oxygen −0.07828 21.9 64 225
Carbon −0.07675 536 631 1020

0.1 au displacement treated so far. Therefore we stretched the muonium bond by a large
amount and simulated the time evolution of the resulting state with undamped dynamics.
However, because of the complex nature of the energy surface around the oxygen and
carbon atoms, this sometimes resulted in a flipping of the muonium between bonding to
the oxygen and the carbon atoms, and so the dynamical calculation was replaced by a
sequence of static energy minimizations along the bond-stretch direction. The resulting
potential energy surface for each site is shown in figures 3(a)–3(c), and the degree of
anharmonicity was measured by fitting this to a cubic polynomial. This was then used with
first-order perturbation theory, as in equation (3), to calculate approximate wavefunctions
for the ground state and first vibrationally excited state:

H = HSHO + γ x3. (3)

The degree of anharmonicity was characterized by the dimensionless parameterg:

g = γ

h̄ω

(
h̄

2mω

)3/2

(4)

whose small values (see table 3) showed that first-order perturbation theory was quite
sufficient to describe the resulting states. The effect of anharmonicity on the vibrational
frequencies calculated from the small displacements is small (comparable to the other
sources of error), and therefore is not included in the tabulated results.

The net electronic spin density at the muon was also measured, and used to calculate
a value for the isotropic hyperfine coupling constant(Aµ) as a function of displacement
from the equilibrium position. This is shown for each site as figures 4(a)–4(c). This was
then used with the calculated vibrational wavefunctions to calculate an expectation value for
Aµ in the ground state and first vibrationally excited state, for each of the stable muonium
configurations. This shows that there is a significant increase (at least 70 MHz) inAµ on
excitation to the first vibrationally excited state, which should be clearly detectable in the
proposed vibrational spectroscopy experiment. These values are shown in table 3.

These estimates forAµ may be compared with the known experimental result of
Aµ = 23 MHz at ambient temperature [4]. This shows that for the energetically preferred
cis-conformer, the vibrational ground-state average overestimates the electron spin density
at the nucleus. For thetrans-conformer, the predicted value is very close in magnitude to
the experimental value, but of the wrong sign. The sign ofAµ is experimentally determined
by the temperature dependence. There has been no report in the literature of a secondary,
much higher value ofAµ, corresponding to the carbon site. The discrepancy between these
predictions forAµ and the experimental value may be due to the neglect of other zero-point
motions (such as bond-bending modes) or due to the errors in the LSD approximation.
Although the predictions may therefore be subject to significant errors, it is expected that
the observed trend will still hold—that is, of a large increase inAµ on vibrational excitation.
The results for these calculations are summarized in table 3.
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Figure 4. The hyperfine coupling constant as a function of the muonium bond stretch about the
equilibrium geometry for (a) thetrans-oxygen site, (b) thecis-oxygen site, and (c) the carbon
site. The squares correspond to measured energies from the simulation and the solid line is a fit
to the data.

A detailed temperature study ofAµ [5] has shown that there is a marked increase inAµ
with temperature. This was interpreted in terms of the excitation of rotational states, which
have not so far been considered in this paper. A Hartree–Fock calculation [5] suggested
that the spin density at the equilibrium position of the muon (and therefore the hyperfine
coupling constant) was negative. It was therefore suggested that the observed positive value
was due to hyperconjugation, with some of the spin density from the unpaired 2pz orbital
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Figure 5. A schematic diagram showing the system of axes used to describe the muonium
rotation. The C–O bond is parallel to they-axis (out of the page) and the unpaired carbon
pz orbital defines thez-axis. The angleγ is defined as the angle between thez-axis and the
projection of the O–Mu bond onto thexz-plane.

of the carbon atom appearing on the muon. This would be strongly dependent on the angle
‘γ ’ of the oxygen–muonium bond to the direction of the carbon pz orbital, as shown in
figure 5, with the maximum spin-density transfer occurring when the orbitals are eclipsed,
i.e. whenγ = 0. Zero-point fluctuations in this angle about the equilibrium value(γ = 90◦)
could then contribute a positive value toAµ resulting in the observed value, which should
be strongly temperature dependent. Measurements ofAµ(T ) were fitted to a Boltzmann
population of excited rotational states, where the rotational barrier is assumed to be of a
simple twofold form:

V (θ) = 1
2V2(1− cos(2θ)). (5)

It was assumed that the expectation value ofAµ for a given rotational state|i〉 is given by
the Heller and McConnell form [18]

〈Aµ(γ )〉i = L+M〈cos2(γ )〉i (6)

with γ = θ − θ0, whereθ0 is the value ofθ at the minima of the energy barrier.L,M
andV2 are obtained from a least-squares fit to the experimental data. With this procedure,
values ofL = −117.4 MHz, M = 298.4 MHz andV2 = 0.0307 eV were obtained [5].

We therefore decided to simulate the effect of rotation directly, and test how this affected
the predictions for the hyperfine coupling constant and the temperature dependence.

Table 4. Results from a bond rotation of 2π .

Aµ (MHz) 〈Aµ〉0 (MHz) 〈Aµ(T )〉 (MHz)
Site Equilibrium position Ground state atT = 300 K

trans-oxygen −23.1 29.5 27.0
cis-oxygen 21.9 48.1 48.7
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Table 5. Rotational states from a bond rotation of 2π .

trans-oxygen trans-oxygen cis-oxygen cis-oxygen
Rotational state|i〉 Eigenenergy (eV) 〈Aµ〉i (MHz) Eigenenergy (eV) 〈Aµ〉i (MHz)

0 0.057 29.5 0.062 48.1
1 0.060 19.8 0.151 31.6
2 0.147 130.9 0.173 120.3
3 0.176 82.1 0.238 125.2
4 0.216 149.1 0.260 137.6

Figure 6. The total energy surface as a function of the rotation angle of the muonium atom,
starting from (a) thetrans-oxygen site and (b) thecis-oxygen site. The squares correspond to
measured energies from the simulation and the solid line is a fit to the data, with the form
of equation (7). The labelled dotted lines are the ground-state (E0) and excited-state (E1–E4)
rotational energies obtained from the fit as discussed in section 4.5.

4.5. Static calculation of rotational expectation values

From the equilibrium structures it can be seen that thecis- and trans-conformers have very
similar O–Mu bond lengths (0.984̊A and 1.000Å) and C–O–Mu bond angles (110.9◦

and 112.4◦), which seemed to suggest that the two configurations correspond to the two
minima in the rotational potential. We therefore performed a series of energy-minimization
calculations of a rigid rotation of the O–Mu bond about the C–O axis. The bond angle (as
in figure 5) was increased in 10◦ intervals at fixed bond length, whilst maintaining all other
atoms in their equilibrium configuration. This was performed twice, once for each O–Mu
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Figure 7. The hyperfine coupling constant as a function of rotation angle of the muonium atom,
starting from (a) thetrans-oxygen site and (b) thecis-oxygen site. The squares correspond to
measured energies from the simulation and the solid line is a fit to the data.

conformer. At the end of each calculation, the hyperfine coupling constant was calculated.
The resulting energy barriers are shown in figures 6(a) and 6(b), and the corresponding
variation inAµ with rotation angle is shown in figures 7(a) and 7(b). From figure 6 it can
be seen that the simple form for the rotational barrier (equation (5)) is not sufficient, and
the more general form

V (θ) = V0+ V1 cos(θ − θ1)+ V2 cos(2(θ − θ2)) (7)

was therefore used. A similar general form was also used to fitAµ(γ ). This rotational
barrier was then used with the torsional Hamiltonian

H(θ) = −
(
h̄2

2I

)
δ2

δθ2
+ V (θ) (8)

(whereI is the moment of inertia), to calculate the corresponding eigenfunctions and energy
eigenvalues. Each rotational eigenfunction was expanded in terms of a truncated plane-wave
basis:

|ψi〉 =
∑
m

cim|ϕ〉 |ϕm〉 = 1√
2π

eimθ (9)

with m = −10 to +10 being sufficient to give fully converged results for the low-lying
levels of interest. The matrix elements of the Hamiltonian are therefore given by

Hm,m′ =
(
h̄2m2

2I
+ V0

)
δm−m′ + 1

2V1e∓iθ1δm±1−m′ + 1
2V2e∓iθ2δm±2−m′ (10)
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Figure 8. The predicted variation in hyperfine coupling constant with temperature from the
Boltzmann population of rotational states, for (a) thetrans-conformer site and (b) thecis-
conformer site.

and a similar form may be used to expressAµ as an operator. Once the expansion
coefficients cim for each eigenfunction were known, expectation values of〈Aµ〉i were
calculated. The rotational levels were then populated according to Boltzmann statistics
at any given temperature, to give the corresponding thermal average〈Aµ(T )〉 as shown
in figures 8(a) and 8(b). These results are summarized in table 4, whilst the individual
eigenenergies and〈Aµ〉i are detailed in table 5.

The predicted value for〈Aµ(300)〉 is very close to the observed value of 23 MHz
at ambient temperature [4] for thetrans-conformer but not for thecis-conformer. Both
configurations also give a positive value for∂Aµ/∂T at ambient temperature as seen
experimentally. Interestingly though, thetrans-conformer is predicted to have a negative
∂Aµ/∂T at temperatures below about 120 K.

The stable configuration of thecis-conformer corresponds toθ ∼ 90◦, whilst thetrans-
conformer corresponds toθ ∼ 270◦. It might therefore be expected that the form ofV (θ)
should be the same for thecis-conformer start as for thetrans-conformer but shifted by
180◦. However, this is not found to be the case, as the most stable configuration for the
cis-conformer occurs at a different value of the O–Mu bond length and C–O–Mu bond
angle to that for thetrans-conformer. In fact, the form ofV (θ) starting from thetrans-
conformer (as shown in figure 6(a)) has two nearly equal minima, whereas that from the
cis-conformer start (figure 6(b)) has two minima that are of quite different depths. The
difference between the two minima ofV (θ) for the cis-conformer is then as expected
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on the basis of the static energy minimizations, which found that thecis-conformer was
0.08 eV lower in energy than thetrans-conformer. This has implications for the spectrum
of eigenenergies, with the lowest level for thecis-conformer being considerably separated
from all of the others, but not so for thetrans-conformer. This therefore has implications
for the thermal averaging procedure, with the temperature dependence of〈Aµ(T )〉 being
weaker for thecis-conformer than thetrans-conformer. This also explains why∂Aµ/∂T
changes sign at very low temperatures for thetrans-conformer but not thecis-conformer.
However, in both cases, the temperature dependence is considerably less than that observed
experimentally [5].

The simple twofold-barrier analysis of the experimental temperature dependence of
〈Aµ(T )〉 suggested that the barrier to rotation was about 0.03 eV, whereas in this work it
was found by direct simulation to be at least 0.225 eV. This is believed to be the main source
of discrepancy in the predicted temperature dependence. The most likely origin of this is
the breakdown of the rigid-rotation assumption. This assumption cannot strictly be valid,
as we have already shown that the bond-stretch vibration has a large classical amplitude (of
the order of 1 au) which is likely to couple to the rotational motion. The resulting coupled
motion could enable the muonium to find a lower-energy route around the oxygen atom than
given by the rigid rotation, which would then be more in keeping with the experimental
value. This would also have the effect of coupling thecis- and trans-conformer forms of
V (θ) into a single form. To treat this coupled motion properly is beyond the scope of this
work, as it would require either a full 3D mapping of the energy surface around the oxygen
atom, or a path-integral description of the muonium atom.

It is also possible that the discrepancy may be due to a failure of the LSD approximation
and the need for a better treatment of electron correlation, as LDA/LSD approximations often
fail to correctly predict the energy barrier of a chemical reaction [19].

The effect of solvent molecules in liquid ethanal, or steric hindrance from other
molecules in a crystal of benzophenone, have not been included. Such effects would also
influence the vibronic motion of the muonium, and therefore affect both the zero-temperature
and the thermally averaged values for the hyperfine coupling constant.

5. Conclusions

We have performed a series ofab initio simulations of a simple organic molecule, ethanal,
in the presence of muonium. We have calculated the possible stable binding sites for the
muonium, the effect of bond-stretching modes on the zero-temperature hyperfine coupling
constant, and the effect of bond rotation on both the zero-temperature and thermally averaged
values of the hyperfine coupling constant. This work, in conjunction with our previous work
on benzene [2] is sufficient to give a detailed picture of the behaviour of implanted muons
in benzophenone. Benzophenone is the most likely candidate for testing the proposed muon
vibrational spectroscopy technique. We conclude that the detection of muonium vibrations
by this technique should be experimentally verifiable in this material.

Three stable binding sites for the muonium were found by minimizing the total energy
of the system whilst relaxing all the atomic coordinates. The bond-stretching frequencies
for muonium at each site have been calculated, and we find that these frequencies lie in
the near IR, quite distinct from any other atomic mode. This suggests that it is possible to
excite these modes in isolation. By calculating the Einstein coefficients for the vibrational
excitation, we find that the spontaneous lifetime of the excited state is comparable to the
lifetime of the muon. This suggests that not only is it possible to excite the vibrational
state, but that it is also sufficiently long lived to have a significant effect on observable



An ab initio study of muons in ethanal 3257

properties. We have shown that the isotropic hyperfine parameter, which may be measured
in a longitudinal-fieldµSR experiment, is a key observable as it has a marked increase
upon vibrational excitation because of the extreme non-linear variation with bond length.
The exact value depends on which of the possible binding sites the muonium occupies.

We have also considered the effects of bond rotation of the oxygen–muonium bond
about the carbon–oxygen axis, as this has been proposed as the explanation of the observed
temperature dependence of the hyperfine coupling constant in these materials. We find
that quantum zero-point fluctuations in the bond angle have a significant effect on the
zero-temperature hyperfine coupling constant. In particular, they can change the sign of
the observed hyperfine coupling constant, and therefore produce reasonable agreement
with experimental results. This effect also produces a positive temperature dependence
as observed. However, the magnitude of this temperature dependence is considerably less
than that observed. This is probably due to the neglect of coupling between vibrational and
rotational motion, which is not considered in this work.
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